Abstract. Two of the most useful inequality formulas for bounded linear operators on a Hilbert space are the Löwner-Heinz and Reid's inequalities. The first inequality was generalized by Furuta (so called the Furuta inequality in the literature). We shall generalize the second one and obtain its related results. It is shown that these two generalized fundamental inequalities are all equivalent to one another.
Notations and introduction

Throughout the paper we use capital letters to denote bounded linear operators acting on a Hilbert space H. T is positive (written T ≥ O ) in case (T x, x) ≥ 0 for all x ∈H. If S and T are Hermitian, we write T ≥ S in case T − S ≥ O. T = U | T |
is the polar decomposition of T with U the partial isometry, whereas | T | is the positive square root of the operator T * T , and U * U is the initial projection. Let I denote the identity operator. Under the polar decomposition of T we recall a well-known relation: | T * | q = U | T | q U * for q > 0 [1, p. 752]. The aim of this article is to define and characterize a generalized Reid inequality. Consequently, related inequalities and improved inequalities are given. Recall that if S ≥ O and SK is Hermitian, then for x ∈H, | (SKx, x) |≤ K (Sx, x) is Reid's inequality [8] , and the inequality was sharpened by Halmos [4, pp. 51, 244] , where K is replaced by the spectral radius of
β y an extended Reid's inequality. We shall call, for an obvious reason, the inequality (2) in Theorem 1 below a generalized Reid inequality, whereas (1) is the well-known altered Furuta inequality [2] . Our main result is characterizations of this inequality. (
Main theorem
, c =
2q(1+2s)β q+2s
, and
Thus, inequality (1) implies that
from which we have (replacing α by β, p by q, and r by s)
and c = 2q(1+2s)β q+2s
. To prove the inequality (2) we proceed as follows. Since (3) and (4) . Each implication is easily seen from the proof above.
(2) implies (1). We may assume without loss of generality that A is invertible.
Therefore, if we use these substitutions and let s = r, β = α, q = p, and y = x in (2), then
which implies Furuta's inequality. (3) implies (1). By the same substitutions as in the proof "(2) implies (1)" (3) becomes
and (1) follows. (4) implies (1). The proof is similar to "(3) implies (1)". Now, since
statements (1), (5), (6) and (7) are all equivalent by repeating the argument in the proof above, and this completes the proof of Theorem 1.
Consequences of Theorem 1
Let s = r = 0 in Theorem 1. Then we obtain characterizations of an extended Reid's inequality (2) in Corollary 1 below, whereas (1) is called the Löwner-Heinz inequality in the literature. (
C.
-S. LIN
Let β = 1 − α in Corollary 1; then we have another set of seven inequalities equivalent to one another, and we shall omit the details. Consequently, we have several characterizations of Reid's inequality (2) in Corollary 2 below. Note that inequality (1) was first proved by Löwner [7] . (
Note that if we put α = 1 2 in Corollary 1, then inequality (1) in Corollary 2 is also equivalent to many other inequalities. In fact, there are uncountably many inequalities as long as
Thus, it is interesting to know that Reid's inequality (2) in Corollary 2 is equivalent to uncountably many inequalities.
Improvement of Reid type inequalities
The proof of the next result is included in that of Theorem 1. It is an improvement of a generalized Reid's inequality, and we shall omit the proof. 
where b = To conclude this paper we remark first that the significance of the Löwner-Heinz inequality is that it does not generally hold if α > 1. Second, Halmos's sharpening of Reid's inequality [4, p. 51, 244] was extended with some applications by the author in [6] .
